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1. INTRODUCTION 
In a recent paper [1], Grover and Hardy discussed a similarity solution to 
the one-dimensional planar hydrodynamic equations describing shock 
propagation in an atmosphere having an exponentially decreasing density. 
It was assumed in their study, which was related to the problem of the forma- 
tion of cosmic rays by the hydrodynamic acceleration of shock waves in a 
stellar envelope, that the shock wave was supposedly initiated by the impul- 
sive deposition of energy over a plane surface. However shock waves can also 
be formed by the steepening of a continuous wave into a shock, and in this 
paper we determine the time and position of occurrence of plane shocks that 
are formed in this manner in such an atmosphere. 
An exact solution is obtained for a special relative rate of attentuation of 
density and temperature, while an approximate method of solution is indicated 
for all other cases. In particular it is shown that shock wave formation can be 
long delayed. When this is the case, relative to the time of formation of a 
shock from a simple wave advancing into constant atmospheric conditions, 
the time of formation varies as (Aw/~)~‘~, where Aw is the product of ampli- 
tude and frequency of the incident wave and p is the temperature attentuation 
rate. 
2. FORMULATION OF THE PROBLEM 
We shall assume an atmosphere comprising an ideal gas in which the 
equilibrium density pO is of the form 
where X is some positive constant and x is the height of the atmosphere above 
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the reference level at which the equilibrium density is p,, . The equilibrium 
temperature distribution To will also be assumed to be exponential and of the 
form 
T,, = Poe-@, (2.2) 
where p is a positive constant and x has the same meaning as before. 
Thus, since the gas is assumed to be ideal, the general pressure p, density p 
and absolute temperature T must satisfy the equation of state 
pp-’ = RT, (2.3) 
in which R is the gas constant appropriate to the atmosphere in question. 
Hence in the equilibrium state it follows from Eqs. (2.1) to (2.3) that the 
equilibrium pressure ps(x) is given by the expression 
pa(x) = Rjj,,~oe-(A+p)z. (2.4) 
If the gas is polytropic with adiabatic exponent y then in general 
P = 49 PY, (2.5) 
and so in the known equilibrium conditions, 
PO@> = 44 PoY* (2.6) 
By using this result together with Eqs. (2.1) and (2.4) finally shows that 
44 = ($) exp U(r - 1) h - PI 4 
and 
PC4 = (9) exp (KY - 1) x - PI 4 PY’ (2.8) 
It follows directly from Eq. (2.8) that the sound speed a at height x is given by 
a2 = (A$+) exp {KY - 1) X - PI 4 P+ 
or, since yRTo = &oa, the square of the initial sound speed in the equilibrium 
condition, by 
a2 = cio2 (P)” exp {[(r 
PO 
- 1) A - /J] X}. (2.10) 
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The sound speed at,(x) at height x in the equilibrium conditions follows 
immediately from this equation by setting p = pa when we find that 
a0 
2 = goQ-w. (2.11) 
As equilibrium conditions are assumed to prevail in the atmosphere until 
the advancing weakly discontinuous wave disturbs them, the initial entropy 
variation ahead of the wave will only be a function of x which is taken account 
of by the variable coefficient A(x) in expression (2.7). Since the entropy change 
across the advancing weak discontinuity will only be of third order 
[2, Section 721 relative to changes in the other quantities we may omit 
the entropy equation from the isentropic one-dimensional planar flow 
equations and only consider the two remaining equations 
and 
(2.12) 
(2.13) 
where u is the x-component of fluid velocity and S is the entropy. The entropy 
term in Eq. (2.13) describes the effect on the momentum equation of the 
assumed entropy variation implies by Eqs. (2.1) and (2.2). Because the 
magnitude of the entropy change across weak discontinuities is only of 
third order with respect to other discontinuities, it follows that in our 
approximation the entropy term in Eq. (2.13) will only be a function of x; 
(@j&S) (&S/ax) =f(x), say. Since the assumed equilibrium conditions 
(2. l), (2.11) and u. E 0 immediately ahead of the wavefront must be solutions 
of Eqs. (2.12) and (2.13), it follows at once that f(x) = - (ao2/p,) (+,/ax). 
In matrix notation these equations may be written 
U,+AlJ,+B=o, 
where 
(2.14) 
u= p [I u’ A=Lz”lp :I~ ~=rgc,l; (2.15) 
the suffixes t and x denoting partial differentiation with respect to time and 
distance, respectively. 
In the subsequent sections we shall examine how a wave in which the 
velocity variation at the initial time t = 0 is of the form 
u,(O, t) = A sin wt (2.16) 
will propagate and subsequently form a shock at some critical time t = t, and 
critical distance x = x, . 
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3. EQUATIONS DETERMINING TIME OF SHOCK FORMATION 
ON WAVEFRONT 
In this section we shall use the results of earlier work [3,4] to deduce the 
equations which govern the behavior of the jump discontinuities in the 
derivatives across the wavefront. 
Until the shock occurs the weak discontinuity that forms the advancing 
wavefront will propagate into the equilibrium atmosphere along a character- 
istic curve in the (x, t)-plane so that its velocity at any time prior to t, is 
just the characteristic velocity. 
The characteristic curves CY), i = 1, 2, associated with the system of 
Eq. (2.14) are determined by [2,4] the equations 
C’i’ . dx = A’i’ 
. dt 
for i = 1,2, 
where 
A(‘) = 24 + a, X(2’ = u - a (3.2) 
are the two characteristic roots of the matrix A in (2.15). 
As we shall only be interested in waves advancing into an equilibrium 
atmosphere in which the density decreases, the characteristic along which the 
wavefront will advance will belong to the C(l) family and will be denoted 
by Co . (r) Since the atmosphere is at rest and the discontinuity across the 
wavefront is weak, the solution will be continuous across the wavefront 
trace Cp’ so that on Cp’, u = 0 and a = a,. Thus, from (2.11), (3.1) and 
(3.2), it follows that the wavefront trace CA” is determined by the differential 
equation 
or,ifx=Owhent=O,by 
x=Llog lf2. 
I 
Got 
CL 1 
(3.4) 
This equation determines the position of the wavefront at any time t 
before the formation of the shock at the critical time t, , and hence also the 
position of shock formation xc. 
Now it has been shown elsewhere [3, 43 by transforming the Eqs. (2.14) 
to the new independent variables t’ and y, where t’ = t and the curves 
~(x, t) = constant describe the C’(l) family with v = 0 along Ci”, that the 
critical time te is simply the time at which the Jacobean (x+,),+,-~- of the 
transformation first vanishes on the wavefront trace CA”. 
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In Refs. [3] and [4] the following jump quantities were defined across Cp’ 
n(t) = {((i’,),o- - (UdT=o+~, 
X(t) = c&o- - (xdql=o+h (3.5) 
where the function pl(x, t) was chosen so that y was negative behind the 
wavefront trace and positive ahead of it. This will be achieved in our case 
by identifying ~(x, t) on the initial line with x,, + x so that 
P)(x, 0) = x0 + x, (3.6) 
where x0 is the position of the wavefront at the initial time t = 0. The wave- 
front trace Cp’ has been chosen on the assumption x0 = 0 but, for the mo- 
ment, it will be convenient to leave x0 as an unspecified parameter until the 
equations determining t, have been discussed. 
It is then at once apparent that the initial value 8 of X(t) is zero; the ope- 
ration N is used here to denote the limiting value of the associated scalar 
or matrix vector quantity along Ck” as t + 0. We shall denote by VU the 
gradient operator with respect to the dependent variables p and I( and hence- 
forth use both the suffix and superscript 0 to indicate that the associated 
quantity is to be evaluated in the state immediately ahead of the wavefront. 
By using these jump quantities across the wavefront trace it was shown 
that t, , when it exists, is the smallest root of the equation 
0 = (%(a=z,+ + x + 1”’ (v,h(1)),l7 lit, (3.7) 
0 
where 17 is determined by the equations 
- e,‘“‘u,px + @‘lIx,o = 0, 
and 
(3-g) 
pnt + [(v,&‘),17] u,, + (V&3),17 = 0; (3.9) 
the prime signifying the matrix transpose operation. The quantities 81) 
and J’@) are the left eigenvectors of matrix A of Eq. (2.14) corresponding, 
respectively, to A(l) and A(a) and, in this work, are thus 
e(l) = a, 1 , [ 1 P 82’ = [;, - l] . (3.10) 
Now the equilibrium atmospheric state ahead of the wavefront trace is 
independent of time (it depends only on x), and so it follows that U,, = 0, 
FORMATION OF SHOCK WAVES 385 
while as WI3 =f(x) it also follows that (V,PB), = 0, so that Eq. (3.9) 
simplifies to 
Ph, = 0 0 . (3.11) 
Let us now interpret Eqs. (3.7), (3.8), and (3.11) in terms of our particular 
problem. 
Using the value of h(l) given in (3.2), we have 
so that 
(v,h~l’),n = g,, 7rl + 7T2. (3.12) 
The jumps in the derivatives pip and up across CA” have here been denoted by 
x1 and rrs , respectively. 
As (ik1/3p)~ is evaluated on Ct), on which x as a function of t is determined 
by Eq. (3.4), it follows by differentiation of Eq. (2.10) that 
(3.13) 
Equation (3.7) determining t, thus becomes 
0 = G%w>,o+ + .A+ + ,:’ [7r2 + 7rl (q (2) 11 + $q (2A’p-1)] at* 
(3.14) 
It now remains for us to determine rrl , rrs and (x,(t,J),z,+ . The elements 
w1 and 7r2 of the vector 17 must be determined from Eqs. (3.8) and (3.1 l), but 
wa-Z,+ can be obtained by a simple geometrical argument as follows. 
The quantity (xpWpno+ is just a scale factor between the x and v variables 
on the wavefront trace and it will be convenient to write it in the form 
(x,(t)),=s,+ = %&t)’ (3.15) 
where here ZQ = lim,, (x,),,~- is the limiting value of x, behind the wave- 
front trace as t + 0. 
Now the general integral of Eq. (3.3) such that x = x,, when t = 0 is 
(3.16) 
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However, by our choice of ~(x, 0) in (3.6), it follows directly from (3.5) that 
d = 0 since 
y-y c%Jv=%+ = hi (X&s- = 5, = 1. 
So, by regarding x,, as a parameter we may write 
ax ax, 
(x&)),z~+ = - - * 
ax, a~ 
(3.17) 
Since from Eq. (3.6) we see that ax,/& = 1, we may use Eq. (3.16) in the 
above result to obtain 
(3.18) 
If, as assumed in the determination of Eq. (3.4), we set x,, = 0 we see that 
(3.19) 
Identifying this expression with that shown in (3.15) shows that 
(3.20) 
so that, in particular, if $ot/2 is very small, (xv(t)&,+ will not differ appre- 
ciably from 4, = 1. 
By virtue of the above reasoning, Eq. (3.14) becomes 
() = 1 + I 1 + 91 j-‘” [$ + 1 + dt. 
0 -3 
2 
0 
(?!?!) (?k) ] 91 (2A’(r-1)]
(3.21) 
The jump quantities vi and rr, must now be determined from Eqs. (3.8) and 
(3.11) by making use of the fact that as 
while in the equilibrium state II = 0 and p = joe-h, it follows that 
(3.22) 
u,o = [ - $0 “Ag x,0 . 
(3.23) 
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Accordingly, by using the equilibrium expressions for a, and p,, , Eqs. (3.8) 
and (3.11) become 
(3.24) 
dra _ i0 
-z- p. ( 1 
dn -- eLb-tp)z 1 
dt ’ (3.25) 
respectively, where x is related to t along CA” by expression (3.4). 
In terms of time t these become 
(3.26) 
and 
dr 2=- 
dt (3.27) 
Inspection of these equations shows that there are two distinct cases 
according as (2h - CL) is zero or nonzero, respectively. We shall first discuss 
the case 2h = TV in detail and then indicate how an approximate solution 
may be derived in the other case. 
4. DETERMINATION OF CRITICAL TIME t, 
(i) CASE U = p By using the established fact [3,4] that 
Jg = (V,h(l)),l7, (4.1) 
and results (3.12) ‘and (3.13) together with the integral of (3.25) 
7r, = if2 - 
it is a straightforward matter to establish that Eq. (3.24) reduces to 
(4.2) 
3+ P’r,b + 1) 
8(1++) 
Al = () 
Then, by integration, it may be shown that 
7T1=;i1 1++, 
( 
-(y+1)/4 
, 
(4.3) 
(4.4) 
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and hence that 
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rz, ( )I( Got 
-(v+11/4 
?Tz = T?z - 75, y 
PO l+Tl 
Now, using the fact that as x --f 0, Eq. (3.24) implies 
Qo - +z = --r- 7Tl) ( 1 P 
it follows that 
and 
(4.6) 
(4.7) 
(4.8) 
Consequently, as ii,&, = 6, , Eq. (3.21) determining t, becomes 
0 = 1 + llsz (1 + F) J;]r+) - (1 + F)++ll/q dt. (4.9) 
So, finally, in the special case in which 2h = p we find that for any value of y 
the critical time tc, when it exists, is the smallest positive root of the equation 
8 
tc - pcq3 - y) I( 
pgotc (3-y)/4 
1+-2-l 
-1 . 11 (4.10) 
In general this equation must be solved numerically, but when pEotc < 1 
there will only be a positive root when zZ, < 0, the approximate solution then 
being 
/-Gt, = - 1 + 1 - 
I 
4/Mio ? 
I (Y+l)u”, * 
In the limit as p --, 0 this result tends to 
tc = (y ; f, 22, ’ 
(4.11) 
the critical time for the formation of a shock from a simple wave [3-51. For 
p$to to be small, so that (4.11) is valid, it follows that we must require 
(4.13) 
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thereby placing a lower bound on - u”, if the approximation is to remain 
valid. Expression (4.11) also shows that, relative to the result (4.12) for a 
simple wave advancing into a constant state, the effect of an exponentially 
decreasing atmosphere is to accelerate the formation of the shock irrespective 
of the value of & . However, when p&t, > 1 we shall see in the next section 
that, relative to the same simple wave case, the formation of the shock may 
be either advanced or retarded depending on the ratio of u”, and p. 
To relate z’& to the assumed initial condition (2.16) we first notice that 
differentiating u along Cl” with respect to time gives 
du 
-=u&l’+u, 
dt 
(4.14) 
or, since /\r’ = a, on CA”, 
du 
z = u,a, + ut (4.15) 
As duldt is continuous across CF’ it follows directly by differencing (4.15) 
across Ct’ and taking the limit as t -+ 0 that 
g,=--* 
a0 
(4.16) 
However, as u = 0 ahead of the wavefront trace, u”, is determined only by 
the initial condition behind the weak discontinuity at the start. SO, using 
Eq. (4.16), we find that zZt = AU and hence 
ACIJ 
k&=-y-. 
a0 
(4.17) 
(ii) CASE 2 # p An approximate solution to this case may be achieved 
by using the first mean value theorem for integrals to integrate Eq. (3.27) 
in the form [6, Section 1.1321 
where 0 < 7 < 1. This obviously reduces to the corresponding Eq. (4.2) 
when U = CL. Since the time factor in (4.18) essentially describes the variation 
of (ao/po) as the wavefront advances, the value to be attributed to 7) may 
be estimated intuitively when h and TV are specified. 
In particular, if the effect of the density change on the sound velocity in 
(4.18) is neglected by setting 71 = 0, it is readily established that 
$+ q){h(y - 1) + PI *1 = 4l&(P - w 
4 I 1+9/ 
(4.19) 
2 I 1 “7 I 191,’ 
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When this linear equation is solved for vi it may then be used in conjunc- 
tion with (4.18) to determine ~a , and thereafter the determination of t, 
proceeds as before. 
5. CONCLUSIONS 
Since an exact solution has only been given in the case for which 2X = p, 
we shall confine our discussion to this situation. Combining Eqs. (4.10) 
and (4.17) shows that the critical time 2, as a function of the assumed initial 
condition is determined exactly by the algebraic equation 
8 
t,- - 
CLao(3 - Y) [( 
1 + P+c)(3-y)‘4 _ l]i . 
(5.1) 
Although t, can only be determined from this equation by numerical 
methods when Aw is specified, if the roles of Aw and t, are reversed then 
Aw may be immediately determined for any specified value of t, . Conse- 
quently the variation of tc as a function of Aw is readily obtainable when the 
parameters y, (z, and p are given. 
It has already been shown in (4.12) that as p + 0 so the critical time tends 
to the value 
(&v. = 
2tio 
Aw(y + 1) ’ 
appropriate to the formation of a shock from an ordinary simple wave. 
Alternatively, if pGotot, > 1 then, since (3 - r)/4 < 1 for the normal range 
1 < y < 9, it follows directly from (5.1) that tc behaves asymptotically as 
By using result (5.2) as a basis for comparison then shows that 
gfp 
cy + l) ( p(yAy 3) I*- 
(5.3) 
(5.4) 
Hence, relative to the time (t,),~,~ of formation of a shock from a simple 
wave, the time of formation (t&v of a shock in an exponentially decreasing 
atmosphere, when (tJaBy > 1, varies as (Au/p)l’z. Thus, for a given value 
of Au, increasing the rate of atmospheric attenuation p will advance the time 
of shock formation. 
Although the equation corresponding to (5.1) in the case 2X # p will be 
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more complicated, it can always be determined since the equations for ml and 
ms , although less simple than in the case 2h = TV, are linear and can be inte- 
grated. Again, by regarding t, as a given quantity, the resulting expression 
can be used to determine Au, and hence the variation of tc with Aw. The 
effect of altering the estimated value of 7 may also be examined when the 
variation of tc with Aw, corresponding to the first estimate of 7, has been 
obtained. In all cases the position of formation of the shock is, of course, 
determined by Eq. (3.4) when t, is known. 
1. R. GROVER AND J. W. HARDY. The propagation of shocks in exponentially decreasing 
atmospheres. Astrophys. J. 143 (1966), 48-601. 
2. R. COURANT AND K. 0. FXIEDRICHS. “Supersonic Flow and Shock Waves.” Wiley 
(Interscience), New York, 1948. 
3. A. JEFFREY. The development of jump discontinuities in nonlinear hyperbolic 
systems of equations in two independent variables. Arch. Rat. Mech. Anal. 14 
(1963), 27-37. 
4. A. JEFFREY AND T. TANIUTI. “Nonlinear Wave Propagation.” Academic Press, 
New York, 1964. 
5. L. D. LANDAU and E. M. LIFSHITZ. “Fluid Mechanics.” Macmillan (Pergamon 
Press), London, 1959. 
6. H. JEFFREY~ AND B. S. JEFFREYS. “Methods of Mathematical Physics.” Cambridge 
Univ. Press, London, 1962. 
